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We prove that as a one-dimensional Fermi gas is brought across the resonance adiabatically from
large repulsion to large attraction, the singlet ground state will give way to the maximum spin state,
which is the lowest energy state among the states accessible to the system in this process. In the
presence of tiny symmetry breaking fields that destroy spin conservation, the singlet ground state
can evolve to the ferromagnetic state or a spin segregated state. We have demonstrated these effects
by exact calculations on fermion cluster relevant to current experiments, and have worked out the
quantum mechanical wavefunction that exhibits phase separation.
Itinerant Ferromagnetism in metals is caused by inter-
actions between electrons. The first theory of this phe-
nomenon was given by Stoner 80 years ago using Hartree
approximation[1]. Recently, the question of itinerant
ferromagnetism has been investigated in the context of
strongly repulsive three-dimensional(3D) Fermi gases[2].
Despite an initial report of evidence of ferromagnetism[3]
in Fermi gases, it was realized later that such phe-
nomenon did not occur in these systems [4]. For strongly
repulsive Fermi gases, the issue of ferromagnetism is
complicated by the severe atom loss due to three-body
collisions[5]. This severe loss puts the system out of equi-
librium, rendering the question of equilibrium ferromag-
netism ill defined.
In a recent paper, we have pointed out through energy
analysis[6] that the energy of the singlet state of a 1D
homogeneous Fermi gas will exceed that of the ferromag-
netic state as the system crosses a resonance, implying
a transition from the singlet to the ferromagnetic state.
The important feature of 1D Fermi gas is that it is stable
against atom loss near the transition[7]. The problem of
equilibrium ferromagnetism is therefore well defined. En-
ergetic consideration, however, is not sufficient to guaran-
tee experimental realization of ferromagnetic transition.
Due to the orthogonality of distinct spin wavefunctions
of different ground states, the system may remain in the
same spin state after crossing the transition point. This
raises the question of how to facilitate and identify this
transition.
Recently, Selim Jochim’s group has succeeded in pro-
ducing small clusters of Fermi gases in 1D harmonic
traps[8, 9]. Several theoretical studies have found ground
state degeneracy in these systems in the strongly repul-
sive regime[10–13]. Some authors have attributed this to
the tendency towards ferromagnetic[10, 11]. With grow-
ing interests in itinerant ferromagnetism in large and
small systems, it is useful to establish rigorous results
for repulsive Fermi gases in arbitrary potentials.
In this work, we shall establish a theorem on the level
crossing between the singlet ground state and the max-
imum spin state as the system passes through the res-
onance, where the coupling constant turns from +∞ to
−∞. Because of this crossing, a tiny perturbation that
violates spin conservation can induce a dramatic transi-
tion from a singlet to a ferromagnetic state, or a segrega-
tion of spins. The dramatic effects of symmetry breaking
fields manifest themselves even down to small clusters.
Through exact calculations, we show that even for a four
fermion system, a tiny magnetic field gradient can cause
a sudden spin segregation when the repulsion exceeds a
critical value, a phenomena that can be observed in ex-
periments similar to those in ref.[8, 9]. Our studies have
also uncovered the exact wavefunction for the spin seg-
regated state. As far as we know, this is the first explicit
quantum mechanical wavefunction for a state with spins
separated into magnetic domains.
Our paper is organized as follows. In section (I), we
establish a theorem for ground state level crossing of the
1D repulsive Fermi gas across resonance. In section (II),
we demonstrate the effect of symmetry breaking fields
near the level crossing. In particular, we focus on the
effect of a tiny magnetic field gradient, which induces
a full spin segregation. The wave function for the spin
segregated state and its many-body generalization will be
presented in section (III). Finally the concluding remarks
are made in section (IV).
I. 1D REPULSIVE FERMI GASES WHEN
SWEPT ACROSS RESONANCE
We consider a two-component Fermi gas with N par-
ticles with the Hamiltonian
H =
N∑
i=1
h(xi) + g
∑
i>j
δ(xi − xj), (1)
where
h(x) = − h¯
2
2M
∂2x + V (x), (2)
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2V (x) is a trapping potential, and g ≡ h¯2γ/M is the cou-
pling constant. The strong coupling regime corresponds
to γ/n 1, where n is the density. The two components
will be referred to as ↑ and ↓ “spin”. In addition, we shall
include a tiny transverse (radio-frequency) magnetic field
Vh = h
∑
i
σxi , (3)
and a tiny magnetic field gradient
VG = −G
∑
i
xiσ
z
i . (4)
Vh and VG are extremely small perturbations that will
not cause any noticeable effects in a weakly interacting
system. The effect of Vh is to fix the direction of the
ferromagnet, while VG destroys the spin conservation and
allows the system to reach the lowest energy states within
the family of states accessible to the system.
Experimentally, one can vary 1/g adiabatically from
positive to negative through 0 by varying the external
magnetic field[9], a process we refer to as adiabatic sweep
from the repulsive side, or simply “adiabatic sweep”. The
point 1/g = 0 is referred to as the “resonance”[14]. The
regions 1/g > 0 and 1/g < 0 will be referred to as the
repulsive and the attractive side of the resonance. Near
resonance on the attractive side, g → −∞, the ground
state consists of tightly bound pairs (molecules) with very
large negative binding energy, Eb = −Mg2/(4h¯2) [15]. In
contrast, all fermions on the repulsive side are in scatter-
ing states and therefore have positive energy. Due to the
large energy difference between the scattering states and
the tightly bound pairs, none of the states on the repul-
sive side can turn into the ground state on the attractive
side in an adiabatic sweep. Instead, they all turn into ex-
cited states with positive energies on the attractive side.
These states will be referred to as super-Tonks states (in
analogy to that in homogeneous systems[16]). These are
the only states accessible in the sweep process. From
now on, when we talk about the lowest energy state af-
ter the adiabatic sweep, we mean the lowest energy state
within the super-Tonks family.
We now consider the evolution of the ground state of a
Fermi gas in an adiabatic sweep. We consider the cases
with and without symmetry breaking fields separately.
Theorem on Level Crossing : In an adiabatic sweep
starting from the repulsive side of the resonance, the en-
ergy of the singlet ground state continues to increase, and
will rise above the energy of the maximum spin state,
which is lowest energy state in the super-Tonks family.
Proof. Let ES(−1/g) be the ground state energy of a
repulsive Fermi gas with given total spin S and interac-
tion g. Its behavior across the resonance is determined
by the following factors.
(A) According to Hellmann-Feynman theorem[17],
dE
d(−1/g) ≥ 0, (5)
the ground state energy ES(−1/g) increases with
−1/g[18]. The equal sign holds for the maximum spin
state S = N/2, whose energy is independent of interac-
tion due to Pauli exclusion.
(B) The Lieb-Mattis theorem[19] states that for a repul-
sive Fermi gas (g > 0), the energy ES(−1/g) increases
with total spin S, i.e. ES1 < ES2 if S1 < S2; and that the
ground state of a Fermi gas with equal spin population
is a singlet. This means that on the repulsive side of the
resonance, ES is bounded below by ES=0 and above by
ES=N/2. (See Fig. 1).
(C) At infinite repulsion (1/g = 0+), the ground states of
all spin sectors are degenerate, i.e. ES(0) = E
∗ for all S.
This result (which we shall prove momentarily) implies
that close to resonance, ES(−1/g) = E∗ − κS/g, where
κS = (dES(x)/dx)x=0. On the other hand, the ordering
of ES for repulsive gas (g > 0) as discussed in (B) implies
that κS1 > κS2 if S1 < S2. Thus, on the attractive side,
g < 0, we have ES1 > ES2 if S1 < S2. The ordering of
ES with spin on the attractive side is just the opposite
of that on the repulsive side, bounded below by ES=N/2
and above by ES=0. (See Fig. 1). This means that as
the Fermi gas is swept through the resonance from the
repulsive side, the energy ES(−1/g) will evolve as stated
in the Theorem on level crossing. In other words, the
lowest energy gaseous state will change from a singlet
on the repulsive side to a maximum spin state on the
attractive side.
To prove (C), we note that at infinite interaction, the
eigenstates of the system are of the form[20]
|Ψ〉 = ∫ D(1, 2, .., N)χ(S,Sz)(1, ..N↓|N↓ + 1, .., N)
×∏N↓i=1 ψ†↓(i)∏Nj=N↓+1 ψ†↑(j)|0〉, (6)
where N↑ + N↓ = N , (1, 2, ..) stand for the coordi-
nates (x1, x2, ..) of the fermions;
∫
means integrating
over all xi; D(1, 2, ...N) is a Slater determinant of all
the fermions (independent of spin) made up of the eigen-
states of h(x), which is the wavefunction of a fully spin
polarized state. The function χ(S,Sz)(1, ..N↓|N↓+1, .., N)
is a spin eigenstate with total spin S and magnetiza-
tion Sz = (N↑ − N↓)/2, with down spins located at
(x1, ..xN↓) and up spins at (xN↓+1, ..xN ). This spin func-
tion is identical to that in the homogenous case, which
is a constant in the regions (xP1 < xP2 < ... < xPN ),
where {Pj} stands for a permutation P of the numbers
(1, 2, ..N)[21][22]. Eq.(6) satisfies the Schrodinger equa-
tion in this region with energy given by that of a fully
polarized state. QED.
If the system has strict spin conservation, then despite
the level crossing, the singlet ground state will remain a
3FIG. 1. Schematic plot of the ground state energy ES(−1/g)
of a Fermi gas with spin S as a function of −1/g. As −1/g
is swept across resonance adiabatically, each state with spin
S (solid line on the repulsive side −1/g < 0) continuously
evolves into a gaseous excited state in the super-Tonks fam-
ily, rather than jumping to the true ground state consisting
deep molecules (dashed line far below super-Tonks family).
The positive slope of all ES is due to the Hellmann-Feynman
theorem. On the repulsive side of the resonance, −1/g < 0,
Lieb-Mattis theorem requires that ES increases with S, and
the ground state is a singlet, (N/2 > S2 > S1 > 0). The exact
solution of the Schrodinger equation shows that ES must con-
verge at the same point E∗ at resonance. On the attractive
side, ES increases with decreasing S. The super-Tonks fam-
ily is bounded below by the maximum spin state S = N/2.
Thus, in a sweep process, the lowest energy state will change
abruptly from a singlet on the repulsive side to the maximum
spin state on the attractive side.
singlet on the attractive side and can not turn into the
maximum spin state, (S = N/2). However, because of
the large spin degeneracy at resonance, an infinitesimal
symmetry breaking field will have dramatic effects on
ground state, as we shall show in Section (II) below.
Before proceeding, we would like to comment on the
the process of adiabatic sweep. Since the spin excitations
are all gapless at 1/g = 0, it seems that adiabaticity will
be difficult to achieve near resonance. As a practical mat-
ter, one can facilitate adiabaticity by turning on a small
but non-zero field gradient so as to introduce a tiny en-
ergy scale. As long as the the sweep rate for 1/g is below
this energy scale, the process will be adiabatic. Achiev-
ing adiabaticity is a general issue for all quantum phase
transitions, since the energies of the excitations vanish at
the quantum critical point. To determine the presence of
a quantum phase transition, strictly speaking, one will
have to identity the quantum critical region through the
expected scaling behavior in this region [23].
II. EFFECTS OF SYMMETRY BREAKING
FIELDS NEAR THE LEVEL CROSSING
In the presence of a small transverse field Vh, the
ground state within each spin-S sector is the state
|S, Sx = −S〉 with maximum spin projection. Still, Vh
conserves total S2 = (
∑
i si)
2. The singlet ground state
will remain a singlet on the attractive side after the
sweep. The situation is changed completely if we fur-
ther turn on the field gradient VG. Even if VG is much
weaker than the (already small) perturbation Vh, the fact
that it destroys the spin conservation means it will allow
the singlet state to mix with other spin states and evolve
to the ferromagnetic state |S = N/2, Sx = −N/2〉 after
the adiabatic sweep. Another dramatic effect emerges
when Vh = 0 and VG 6= 0. Sufficiently close to resonance,
VG will mix all the spin states to achieve a maximum
reduction in energy. This results in a segregation into
ferromagnetic domains, as we show below.
Consider four fermions (two ↑, two ↓) in a harmonic
trap with frequency ωT , and with a tiny field gradient
VG. We have studied the ground state of this system by
numerical exact diagonalization. The field gradient G is
chosen to be so small that it has no significant effects on
the non-interacting Fermi gas, as shown in Fig.2a. To be
precise, the condition for such “insignificant” gradient is
Gaho  h¯ωT , (7)
where aho = h¯/
√
MωT is the length scale of the harmonic
trap. . However, when the repulsion g exceeds a critical
value gc, (g > gc > 0 or −1/g > −1/gc), the spins sud-
denly separate into two domains on different sides of the
system as shown in Fig.2b. This is the spin configuration
that minimizes the Zeeman energy of VG. For g > gc, be-
fore reaching g = +∞, the segregated spin density profile
quickly settles into that at g = +∞ (or 1/g = 0), indi-
cating the quantum state after g > gc quickly reaches
that at g = +∞. Moreover, this spin segregated config-
uration remains unchanged after the system crosses the
resonance on the attractive side where g < 0. Despite
the dramatic change of spin density near resonance, we
find that the number density n(x) = n↑ + n↓ remains
unchanged, and is given by zero field gradient (VG = 0)
configuration, (Fig. 2c). This illustrates the huge dif-
ference in rigidity between charge and spin at infinitely
repulsion. This formation of ferromagnetic domains is a
direct consequence of the level crossing at g = +∞ dis-
cussed in Section (I). The latter reflects the fact that the
energies of spin excitations all vanish as g → +∞. Only
when this happens can the spins in a singlet state be
completely re-arranged into magnetic domains by a tiny
field gradient.
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FIG. 2. (Color online) Density distributions for ↑(black square) and ↓(red circle) spins in a harmonic trap with frequency ωT
obtained from exact diagonalization. N↑ = N↓ = 2. aho = h¯/
√
MωT . (a)γ = 0, Gaho/ωT = 0.05; (b)γaho = 15, Gaho/ωT =
0.05; (c) γaho = 15, G = 0. In (b), the additional yellow (blue) dashed lines show the density of ↑ (↓) spin obtained from
performing degenerate perturbation on the six spin states at infinite repulsion (see text). The result matches well with that
from exact diagonalization for large but finite repulsion.
It is useful to look at this dramatic spin segregation
in a different way. If we start with zero field gradient
(G = 0) at a large but finite repulsion, we find that
the ground state for the four fermion system is indeed
a spin singlet as dictated by Lieb-Mattis theorem. In
this case, the density profiles n↑ and n↓ for both spin
components are identical as shown in Fig.2c. However,
as G increases beyond a critical value Gc, spin segrega-
tion suddenly occurs (Fig.2b), while the number density
remain unchanged from G = 0 case (Fig.2c).
For the four-femion case, we have found numerically
that Gc → 0 as g−1 → 0. In fact, Gc ∼ 1/g (for arbi-
trary particle number) as we shown below. That spin seg-
regation can be activated suddenly by a vanishing small
symmetry breaking field as the repulsion 1/g → 0 is a
sign of phase transition. To see Gc ∼ 1/g, we compare
the energies of the singlet ground state |Ψsinglet〉 with
that of the spin segregated state |Ψs−s〉 (both with equal
spin population) in the presence of the field gradient VG.
For the singlet, 〈VG〉|Ψsinglet〉 = 0, and its energy near
resonance 1/g = 0 can be expanded as[16, 24, 25],
Esinglet(−1/g) = E∗
(
1− αh¯
2n
Mg
+O(g−2)...
)
, (8)
where E∗ is the energy at 1/g = 0 and is the energy of a
spin-polarized state. In contrast, the energy of the spin
segregated state |Ψs−s〉 is
Es−s = E∗ −GX↑ +GX↓, (9)
where X↑,↓ =
∫
dxxn↑,↓(x) is the center of mass of
each magnetic domain. Clearly, both X↑ and X↓ scales
as sample size L and particle number N . Hence, we
have (X↑ − X↓) = βNL, where β > 0 is a constant.
The energy difference between these two states is then
Esinglet − Es−s = βNLG − E∗αh¯2n/(Mg). Spin segre-
gation will occur if
G > Gc =
α
β
h¯2n
Mg
E∗
N
1
L
. (10)
This shows that the critical Gc vanishes with increasing
repulsion (g) and increasing sample size (L). Alterna-
tively, for a given small G, the required interaction for
the spin segregation is g > gc ∝ G−1. The large value
of gc (and thus small value of 1/gc) means the transition
occurs very close to the resonance, and the spin config-
uration changes dramatically within a narrow region of
1/g with width δ(1/g) ∝ G.
III. WAVEFUNCTION OF THE SPIN
SEGREGATED STATE AT INFINITE COUPLING
While we have obtained the spin segregated ground
state (Fig.2b) for large repulsion g → +∞ by exact di-
agonalization, the ground state at g = +∞ can also be
obtained from degenerate perturbation theory by diago-
nalizing VG within the space of degenerate spin states.
This procedure is valid under Eq.(7) so that VG will not
induce charge excitations but only re-organize the spin
structure. Such a calculation will provide the explicit
quantum mechanical wavefunction of a spin segregated
state.
First, we note that in order to obtain the ground state
under a tiny symmetry breaking field, it is essential to
enumerate all the degenerate spin states {χS,Sz} at in-
finite coupling. For fixed N↑ and N↓, the total num-
ber of degenerate spin states is N !/(N↑!N↓!). Some of
these states were previously obtained in Ref.[21] by group
theoretical method and in Ref.[26] by generalized Fermi-
Fermi mapping. However, the list there is incomplete.
The complete set of these states can be obtained follow-
ing the procedure presented in Appendix A.
5For our four-particle case (N↑ = N↓ = 2), there are six degenerate ground states at g = +∞: two χ(0,0) states,
three χ(1,0) states, and one χ(2,0) state. Following the general procedures in Appendix A, all the |S, Sz = S〉 states
can be first constructed as
χ(2,2)(1, 2, 3, 4) = 1, (11)
χ
(1,1)
3 (1|2, 3, 4) = [(1− P12) + (1− P13) + (1− P14)][S(12)S(13)S(14)]; (12)
χ
(1,1)
2 (1|2, 3, 4) = (1− P12)[S(12)(S(13) + S(14))] + (1− P13)[S(13)(S(12) + S(14))]
+(1− P14)[S(14)(S(12) + S(13))]; (13)
χ
(1,1)
1 (1|2, 3, 4) = (1− P12)S(12) + (1− P13)S(13) + (1− P14)S(14), (14)
χ
(0,0)
2 (1, 2|3, 4) = [(1− P13)(1− P24) + (1− P14)(1− P23)][S(13)S(14)S(23)S(24)]; (15)
χ
(0,0)
1 (1, 2|3, 4) = (1− P13)(1− P24)[S(13)S(24)] + (1− P14)(1− P23)[S(14)S(23)]. (16)
where Pij denotes the permutation of the coordinates xi and xj , and S(ij) is the sign of (xi − xj).
The states with Sz = 0 can then be obtained by ap-
plying spin lower operator to above maximum Sz(= S)
states. After further normalization of each state, we fi-
nally get the explicit expressions of six degenerate wave
functions as
χ(2,0) =
1√
6
;
χ
(1,0)
3 =
1√
8
([1; 234] + [2; 134]);
χ
(1,0)
2 =
1√
24
(
[1; 234](S(13) + S(14) + 2S(12))
+[2; 134](S(23) + S(24) + 2S(21))
−[4; 123](S(41) + S(42) + 2S(43))
−[3; 124](S(31) + S(32) + 2S(34))
)
;
χ
(1,0)
1 =
1√
40
(S(14) + S(13) + S(24) + S(23));
χ
(0,0)
2 =
1√
48
(3[12; 34]− 1);
χ
(0,0)
1 =
1
4
(S(13)S(24) + S(14)S(23)).
where [12; 34] = S(13)S(14)S(23)S(24), [1; 234] =
S(12)S(13)S(14).
Given these expressions, it is straightforward to calcu-
late the coupling induced by field gradient VG between
all spin states, and then diagonalize the Hamiltonian in
the degenerate manifold expanded by these states. Note
that when constructing the H-matrix, χ
(1,0)
3 and χ
(1,0)
1
need to be recombined as (χ
(1,0)
3 ± χ(1,0)1 )/
√
2, to ensure
the orthogonality of these six states. The resulted ground
state is (over-bar means the state is normalized)
|s− s〉 =
√
1
6 |Ψ(2,0)〉+
√
1
8 |Ψ(1,0)3 〉 −
√
5
8 |Ψ(1,0)1 〉+√
1
12 |Ψ(0,0)2 〉+ 12 |Ψ(0,0)1 〉, (17)
which corresponds to the spin function
χs−s(12|34) = 1 + [12; 34] + [1; 234] + [2; 134] + S(13)S(24)
+S(14)S(23) + S(41) + S(31) + S(42) + S(32). (18)
Evaluating Eq.(18) in all regions xP1 < xP2 < xP3 <
xP4, one finds that χ
s−s(12|34) is given by
χs−s(1, 2|1′, 2′) =
{
1, if {1, 2} < {1′, 2′};
0, otherwise.
(19)
where {1, 2} < {1′, 2′} means both x1 and x2 are to the
left of x′1 and x
′
2. This is the spin function that leads to
spin density in Fig.2b.
By noting that the spin configuration in (19) exactly
minimize the Zeeman energy of the field gradient for four
particle system among all the configurations of lining-
up spins, we can straightforwardly generalize this wave
function to the many particle case as
χs−s(1, 2, .., N↓|1′, 2′, ..., N ′↑)
=
{
1, if {1, 2, .., N↓} < {1′, 2′, ..., N ′↑};
0, otherwise.
(20)
where j′ = N↓ + j, N ′↑ = N↓ +N↑ = N ; i and j
′ denote
the coordinates xi and xN↓+j of down and up spins re-
spectively. Eq.(20) describes a spin segregated state for
an arbitrary number of ↑ and ↓ spins. From (20), we can
estimate the location (xo) of the domain wall, which is
given by ∫ xo
−∞
dxn(x) = N↓, (21)
where n(x) is the density determined by the determinant
D in Eq.(6). Note that above conclusions generally apply
to any form of trapping potentials, as long as they are
spin-independent.
To realize this spin segregation in alkali atoms, it is
necessary to stay in the low field regime where the mag-
netic moments of different spin states are different[27].
6In the case of 40K, there are spin states with Feshbach
resonance near B = 200G, and with magnetic moments
different enough to realize a sufficiently large field gra-
dient term [28]. The presence of a Feshbach resonance
allows one to tune the 3D scattering length close to the
confinement length, which in turn allows one to achieve
infinite 1D coupling through the confinement-induced
resonance[14]. For fermions that do not have a Feshbach
resonance at low fields, as long as they have a positive
scattering length, strong repulsion ( γ/n  1) can be
achieved by making the system sufficiently dilute.
IV. CONCLUDING REMARKS
The ferromagnetic transition discussed here is caused
by the large spin degeneracy at infinite repulsion and the
fact that the Fermi gas is locked in the excited branch
when it passes through the resonance from the repulsive
side. While this is unique to 1D Fermi gases, it is remark-
able that one can access a huge degenerate spin manifold
by simply increasing repulsion. Our studies have demon-
strated the dramatic effect of a tiny magnetic field gra-
dient. Other intricate ground states will surely emerge
in the presence of other types of symmetry breaking field
(such as spin-orbit coupling) or residual spin-spin inter-
action. Strongly repulsive 1D Fermi Gases can be a very
fertile ground for finding new types of spin ground states.
Notes Added: After the submission of our paper, a
paper by S. E. Gharashi and D. Blume on a few parti-
cle cluster on harmonic trap has also appeared[29]. The
general setting and the role of symmetry breaking field
discussed here were not considered there[29].
We thank Randy Hulet for discussions. XC acknowl-
edges the support of NSFC under Grant No. 11104158
and No. 11374177. TLH acknowledges the support by
DARPA under the Army Research Office Grant Nos.
W911NF-07-1-0464, W911NF0710576.
Appendix: Construction of spin states χ(S,Sz)
For a Fermi gas with N↑ up spins and N↓ down spins,
the total number of degenerate spin states at infinite
coupling is N !/(N↑!N↓!). All these states can be orga-
nized into different angular momentum states χ(S,Sz),
with Sz = (N↑−N↓)/2 and S = |Sz|, |Sz|+1, ..., N/2. In
order to satisfy Fermi statistics, each χ(S,Sz) is symmet-
ric under the interchange of the coordinates of up spins
and those of down spins respectively.
To construct the spin state with given (S, Sz), it is
sufficient to first construct the state with maximum spin
projection (S, S), since all other (S, Sz) states can be
obtained by applying the spin lowering operator S− =
Sx−iSy P -times on the state (S, S), where P = (S−Sz).
The general procedure to construct (S, S) is :
(i) We start with the maximum spin state χ(N/2,N/2) for
a system of N identical fermions, χ(N/2,N/2) = 1.
(ii) To construct the spin state χ(S,S) with S < N/2, we
contract an appropriate number of fermions pairs with
opposite spins into singlets. Because of Fermi statistics,
interchanging the spins of two fermions amounts to inter-
acting their coordinates times a minus sign. Hence, the
state
∫
D(1, 2)(1 − P12)S(12)ψ†↓(1)ψ†↑(2)|0〉 represents a
singlet pair of fermions, where S(1, 2) = sgn(x1 − x2).
The sign function S(12) is needed because of the anti-
symmetry of D(1, 2). The fact that S(12) is a constant
(1 and -1) in the regions x1 > x2 and x2 > x1 means that
product D(1, 2)S(1, 2) satisfies the Schrodinger equation
in these regions. To guarantee Sz = S, the state has to
be annihilated by S+ = Sx+iSy where S is the total spin
of the system.
(iii) After step (ii), one has to perform proper sym-
metrization so that the spin function is symmetric with
respect to interchange of up spins and interchange of
down spins respectively.
Note that in step (ii), there are multiple ways to con-
tract singlet pairs. As result, different maximum states
χ(S,S) with S < N can be constructed. These (S, S)
states can be further orthogonalized to each other. A
straightforward analysis gives the number of orthogonal
(S, S) states as (2S + 1)N !/[(N/2 + S + 1)!(N/2− S)!].
To illustrate this procedure, we consider the case N = 4. The wavefunction of the state {S = 4, Sz = 4} is
|Ψ(S=4,Sz=4)3 〉 =
∫
D(1, 2, 3, 4)ψ†↑(1)ψ
†
↑(2)ψ
†
↑(3)ψ
†
↑(4)|0〉 (22)
To construct the spin states with {S = 3, Sz = 3},
|Ψ(S=1,Sz=1)3 〉 =
∫
D(1, 2, 3, 4)χ
(1,1)
3 (1|2, 3, 4)ψ†↓(1)ψ†↑(2)ψ†↑(3)ψ†↑(4)|0〉 (23)
we first pick two fermions to form a singlet pair. Let us say, we choose spin down fermion 1 and spin up fermion
2. This immediately have us the factor (1 − P12)S(12). Associate with this pair (12), the down spin ψ†↓(1) can
correlate with j other spin up fermions with a sign function. For example, the factors (1 − P12)[S(12)S(13)S(14)],
(1− P12)[S(12)S(13)], and (1− P12)S(12) correspond to correlating the spin-down fermion (1) with 3, 2, and 1 spin
up fermion respectively. Further symmetrizing among the up spins coordinates will then yield the spin wavefunctions
7shown in Eq.(12) to Eq.(14). The eigenstate with (S = 1, Sz = 0) is the
|Ψ(S=1,Sz=0)3 〉 =
∫
D(1, 2, 3, 4)[χ
(1,1)
3 (1|2, 3, 4) + χ(1,1)3 (2|1, 3, 4)]ψ†↓(1)ψ†↓(2)ψ†↑(3)ψ†↑(4)|0〉. (24)
To show that |Ψ(S=1,Sz=1)3 〉 is a state of total spin S =
1, we note that it is annihilated by S+ = Sx+ iSy, which
then implies S2 = S−S++S2z+Sz = S(S+1) = 2. Noting
that under the integral sign in Eq.(23), the factor 1−P12
can be eliminated by turning ψ†↓(1)ψ
†
↑(2) into a singlet
pair ψ†↓(1)ψ
†
↑(2) − ψ†↑(1)ψ†↓(2). This state can therefore
be annihilated by S1+ +S2+. Since both 3 and 4 are spin
up, the state is annihilated by total S+ =
∑4
i=1 Si+.
Following the same rule, we have written down two
different singlet states for N = 4 system, which are the
functions χ
(0,0)
j (j = 2, 1) in Eqs.(15,16) in the text.
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